Let k be a finite field and let E be an elliptic curve over k. In this paper we describe, for each finite extension l of k, the structure of the group E(l) of points of E over l as a module over the ring R of endomorphisms of E that are defined over k. If the Frobenius endomorphism ? of E over k does not belong to the subring Z of R, then we find that E(l)$RÂR(? n &1), where n is the degree of l over k; and if ? does belong to Z then E(l) is, as an R-module, characterized by E(l) Ä E(l )$RÂR(? n &1). The arguments used in the proof of these statements generalize to yield a description of the group of points of an elliptic curve over an algebraically closed field as a module over suitable subrings of the endomorphism ring of the curve. It is shown that straightforward generalizations of the results of this paper to abelian varieties of dimension greater than 1 cannot be expected to exist.
Introduction
Let k be a field and let E be an elliptic curve over k. In this paper we describe the structure of several groups of points of E as modules over suitable subrings of the ring End k E of endomorphisms of E over k. We shall view the ring Z of integers as a subring of End k E.
Our first result is concerned with the case of finite fields.
Theorem 1. Let k be a finite field, let E be an elliptic curve over k, and put R=End k E. Let ? # R be the Frobenius endomorphism of E. Further, let l be a finite field extension of k, and denote by n=[l: k] its degree.
(a) Suppose that ? Â Z. Then R has rank 2 over Z, and there is an isomorphism E(l )$RÂR(? n &1) of R-modules.
In our other results we take k to be algebraically closed, and we let R be a subring of End k E with the property that the abelian group (End k E)ÂR is torsion-free; for example, we can take R=End k$ E if E is actually defined over some subfield k$ of k (see 4.1). We shall give a complete description of E(k) as a module over R. The following result expresses that the torsion subgroup of E(k) is the only piece of interest. By Q we denote the field of rational numbers.
Theorem 2. Let k be an algebraically closed field and let E be an elliptic curve over k. Let R be a subring of End k E for which the abelian group (End k E)ÂR is torsion-free. Denote by E(k) tor the torsion subgroup of E(k). Then we have:
(a) the exact sequence 0 Ä E(k) tor Ä E(k) Ä E(k)ÂE(k) tor Ä 0 of R-modules splits;
(b) if k is algebraic over a finite field, then E(k)ÂE(k) tor =0; (c) if k is not algebraic over a finite field, then E(k)ÂE(k) tor is, as a left R-module, isomorphic to the direct sum of *k copies of R Z Q.
The proof is given in Section 5. It depends on the injectivity of E(k) tor as a left R-module (Proposition 5.1).
The structure of E(k) tor as an abelian group is well-known (see [13] ). If the characteristic char k of k equals 0 then we have E(k) tor $(QÂZ) Ä (QÂZ); if char k=p>0 and E is not supersingular, then we have E(k) tor $(QÂZ) Ä (Z ( p) ÂZ), where Z ( p) denotes the localization of Z at p; and finally, if char k=p>0 and E is supersingular, then E(k) tor $(Z ( p) ÂZ) Ä (Z ( p) ÂZ).
The description of E(k) tor as an R-module requires some notation. There is a ring homomorphism R Ä k that describes the action of the endomorphisms in R on the tangent space of E at the zero point O of E(k) (see [13, Chapter III, Theorem 5.2]). Let p denote the kernel of this map; it consists of the zero map together with all inseparable isogenies E Ä E that belong to R (see [13, Chapter II, Proposition 4.2(c)]). Clearly, char k belongs to p, and if char k=0 then p=0. We view R as a subring of the division ring R Q =R Z Q, and we let R p denote the sub-left-R-module of R Q generated by [s
&1
: s # R, s Â p]. If R is commutative then R p is just the localization of R at p, and if char k=0 then R p =R Q .
We now distinguish cases as to the value of [R: Z], the rank of the additive group of R as a Z-module. By [13, Chapter III, Section 9], it equals 1, 2, or 4. If [R: Z]=1 then we have R=Z, and the Z-module structure was discussed above. The following result deals with the case that [R: Z]=2. Theorem 3. Let k, E, R, and E(k) tor be as in Theorem 2, and suppose that [R: Z]=2. Then there is an isomorphism E(k) tor $R p ÂR of R-modules.
The proof of this theorem is given in Section 2. It uses only implicitly, in the presentation below that the ring R is a Gorenstein ring if [R: Z]=2 (see [2, Proposition (6.4) ]). Rings of higher ranks need not be Gorenstein, and this indicates that no straightforward generalization of Theorem 3 to higher dimensional abelian varieties can be expected to exist. Section 6 is devoted to the construction of counterexamples, in any characteristic and in any dimension exceeding 1.
In the case that [R: Z]=4 we have the following result.
Theorem 4. Let k, E, R, and E(k) tor be as in Theorem 2, and suppose that [R: Z]=4. Then the number p=char k is non-zero, the group E(k) tor has, up to isomorphism, exactly one left R-module structure, and we have
This theorem is proved in Section 3. It follows in a straightforward way from the observation that for any integer n that is not divisible by p the ring RÂRn is isomorphic to the ring of 2_2 matrices over ZÂZn.
The results above can be reformulated in terms of the Tate module TE. Let the assumptions be as in Theorem 2. For a positive integer n let
For each multiple mn of n there is a map E[mn] Ä E[n] sending P to mP. With these maps, the collection of groups E[n] forms a projective system, and TE is defined to be their projective limit. As a profinite abelian group, the structure of TE is as follows. If char k=0 then TE$Z Ä Z , where Z is the projective limit of the groups ZÂZn, n 1; if char k=p>0 and E is not supersingular, then TE$Z Ä Z $, where Z $ denotes the projective limit of the groups ZÂZn, with n now ranging over the positive integers that are not divisible by p; and if char k=p>0 and E is supersingular, then TE$Z $ÄZ $. To describe TE as a profinite R-module in the case [R: Z]>1, we define R $ to be the projective limit of the R-modules RÂa, where a ranges over the left ideals of R that are not contained in p; for a/b, the map RÂa Ä RÂb is the natural one. Now if [R: Z]=2, then we have TE$R $ as a profinite R-module, and if [R: Z]=4, then TE has, up to isomorphism, only one left R-module structure, and it satisfies TE Ä TE$R $. This follows in a routine manner from Theorems 3 and 4. We note that E(k) tor may be identified with the injective limit of the groups TEÂn } TE, where n ranges over the positive integers and the map TEÂn } TE Ä TEÂmn } TE is induced by multiplication by m. Thus the R-module structure of E(k) tor can be recovered from that of TE.
Rings are supposed to have unit elements in this paper, and modules are left modules, unless stated otherwise. For a prime number p, we denote by F p the field ZÂZp.
Rank Two
In this section k, E, and R are as in Theorem 3; in particular, k is algebraically closed, and [R: Z]=2. In this situation R is commutative, the division ring R Q =R Q is an imaginary quadratic field extension of Q, and R is an order in R Q (see [13, A finite commutative ring A satisfies (ii) if and only if it is a Gorenstein ring, and if and only if it is a quasi-Frobenius ring (see [5, Chapter VIII, Section 58] ). This will not be used in the sequel.
We use a circumflex to denote the canonical involution of End k E; it maps R to R, since s+s^=deg (s+1)&deg s&1 # Z for all s # End k E. Lemma 2.3. Let s # R, s{0. Then RÂRs is a finite ring of cardinality ss^, and the number of maximal ideals of RÂRs is equal to the number of minimal ideals of RÂRs.
Proof. The canonical involution is the restriction to R of the unique non-trivial automorphism of R Q . One deduces that the determinant of the Q-linear map R Q Ä R Q that sends every x to xs equals ss^, so that *RÂRs=ss^< .
Write A=RÂRs, and let q be a prime number dividing *A. To prove 2.3 it suffices to show that the number of maximal ideals m/A with Aq/m is equal to the number of minimal ideals n/A with qn=0. Let
Since A is finite, we have *A q =*AÂAq, and since RÂRq maps surjectively to AÂAq the number *AÂAq equals either q or q 2 . If *A q =*AÂAq=q, then the only m, n as above are m=Aq, n=A q , so the number of m's and the number of n's are both equal to 1. Suppose therefore that *A q =*AÂAq=q 2 . Then the map RÂRq Ä AÂAq is an isomorphism, so s=rq for some r # R. It follows that A q = (R & Rsq &1 )ÂRs=RrÂRrq$RÂRq$AÂAq (as A-modules), and under this isomorphism the minimal ideals n/A q that we are counting map to the minimal ideals of AÂAq. Thus it remains to prove that the ring AÂAq of cardinality q 2 has equally many maximal and minimal ideals. If AÂAq has only trivial ideals (so that it is a field) that is clear; and in the other case an ideal is maximal if and only if it has cardinality q, and if and only if it is minimal, so that the statement is again clear. This proves 2.3.
Proof of 2.1. We put A=RÂRs and M=E [s] . Clearly, M is an A-module, and we claim that it is a faithful A-module; that is, any r # R with rM=0 belongs to Rs. Namely, let r # R annihilate M=E[s]. Since s is separable, the homomorphism theorem for elliptic curves (see [13, Chapter III, Corollary 4.11]) implies that r=ts for some endomorphism t of E. We have t } ss^=rs^# R, where ss^is a positive integer. Since (End k E)ÂR is supposed to be torsion-free this implies that t # R, so that r # Rs, which proves the claim. From 2.3 we see that A satisfies 2.2(ii). Applying 2.2 we thus find that M contains a free A-module of rank 1. By [13, Chapter III, Theorem 4.10(c) and Theorem 6.2(a)] we have *M=deg s=ss^, which by 2.3 is equal to *A. Therefore M is free over A of rank 1. This proves 2.1.
It will be useful to have a similar result for inseparable s. To state such a result, we assume without loss of generality that p=char k>0, and we introduce some additional notation. We still assume that [R: Z]=2.
For s # R, s{0, let deg i s denote the inseparable degree of s (see [13, Chapter II, Section 2]), which is a power of p. Then deg i p=p, and the p-adic Tate module T p E, which is the projective limit of the groups E[ p n ] (n 1), is free of rank 1 over Z p . The action of R on T p E induces a ring homomorphism R Ä Z p , and therefore a Q p -algebra homomorphism R Q Ä Q p . By elementary algebraic number theory, the existence of such a homomorphism implies that p splits completely in R Q , so that p is a prime element of V and the residue class field VÂVp has p elements. This completes the proof of 2.4.
Remark. From 2.4 and its proof it follows easily that there is a
This implies that the index of R in the maximal order of R Q is not divisible by p, which is a result of Deuring.
We now prove Theorem 3. Let S=R&p be the set of separable endomorphisms in R. First we show that E(k) tor = s # S E[s], the inclusion # being obvious. For the other inclusion, suppose that P # E(k) 
Rank Four
In this section k, E, and R are as in Theorem 4; in particular, k is algebraically closed, and [R: Z]=4. In this situation R is non-commutative (see [13, Chapter III, Section 9]). Hence the ring homomorphism R Ä k with kernel p that was defined in the introduction is not injective, so p{0, and therefore char k=p{0. For n # Z we write E[n]= [P # E(k): nP=O]. As in the proof of 2.1 we see that E[n] is a faithful module over the ring RÂRn, so the map RÂRn Ä End E[n] that describes the module structure is injective. Since both rings have cardinality n 4 this implies that it is an isomorphism.
To prove that ZÂZn Ä ZÂZn has, up to isomorphism, only one left R-module structure, it suffices to show that it has, up to isomorphism, only one left module structure over the ring M(2, ZÂZn). By Morita equivalence (see [ 
that is uniquely determined by P, up to isomorphism (namely, Q=F M(2, ZÂZn) P, where F is the right M(2, ZÂZn)-module Hom(ZÂZn Ä ZÂZn, ZÂZn)). In this situation, P and Q Ä Q are isomorphic as abelian groups, and the statement to be proved is therefore equivalent to the easily proven fact that Q Ä Q$ZÂZn Ä ZÂZn implies that Q$ZÂZn.
The final assertion of 3.1 is equivalent to the statement that M(2, ZÂZn) is, as a left module over itself, isomorphic to (ZÂZn Ä ZÂZn) Ä (ZÂZn Ä ZÂZn), which is obvious. This proves 3.1.
Remark. From the proof of 3.1 one easily derives that R Z Z l $ M(2, Z l ) for every prime number l{p. Using the map deg i as in the previous section, one can show that R Z Z p is the``valuation ring'' of a noncommutative division algebra of degree 4 over Q p . From these statements it follows that R is a maximal order in the division algebra R Z Q, a result that is due to Deuring.
We now prove Theorem 4. Above we saw already that the characteristic p of k is non-zero. By a theorem of Deuring (see [13, Chapter V, Theorem 3.1]) there are no elements of order p in E(k) tor , so E(k) tor = n E[n], with n ranging over Z&Zp. It also follows that for each non-zero s # R the order ss^Âdeg i s of the subgroup [P # E(k): sP=O] of E(k) tor is not divisible by p. Therefore an element s of R belongs to p if and only if the integer ssî s divisible by p. This implies that the group R p defined in the introduction is, as a sub-left-R-module of R Q , generated by [n 
ÂZ) and E[n] ÄE[n]$Rn
&1 ÂR can be glued together to isomorphisms E(k) tor $(Z ( p) ÂZ) Ä (Z ( p) ÂZ) (as abelian groups) and E(k) tor Ä E(k) tor $R p ÂR (as R-modules). Also, two R-module structures on (Z ( p) ÂZ) Ä (Z ( p) ÂZ) give rise to two R-module structures on (Zn &1 ÂZ) Ä (Zn &1 ÂZ) for each n, which by 3.1 are isomorphic; and again by the projective limit argument from the proof of Theorem 3 such isomorphisms can be glued together. This proves Theorem 4.
Finite Fields
In this section we prove Theorem 1. We let k, E, R, ?, l, and n be as in Theorem 1; in particular, k is now a finite field, and R=End k E. We choose an algebraic closure k of k containing l. We write R =End k E, which is the ring of endomorphisms of E defined over k . A theorem of Deuring (see [13, Chapter V, Theorem 3.1]) states that R Z Q is a definite quaternion algebra if E is supersingular and an imaginary quadratic field otherwise.
An endomorphism in R belongs to R if and only if it commutes with the action of the Frobenius automorphism. Since the latter acts in the same way as ?, we have R=[r # R : ?r=?r]. It also follows that the additive group R ÂR is torsion-free.
Let it now first be assumed that ? Â Z. n &1 is separable because ? # p. From 2.1, applied with k as the base field, it now follows that E(l)$RÂR(? n &1) as R-modules, as required.
Next suppose that ? # Z. From ? 2 =??^=*k it follows that k has even degree over its prime field, and that ?= \-*k. For each positive integer m, the integer ? m &1 annihilates E(k m ), where k m is the unique intermediate field of k/k with [k m : k]=m. Since ? m &1 is coprime to p, it follows that E(k m ) does not contain an element of order p, and the same is then true for E(k )= m E(k m ). By a theorem of Deuring (see [13, Chapter V, Theorem 3.1]) this implies that E is supersingular, so that R is an order in a definite quaternion algebra. From ? # Z we see that R=[r # R : ?r=?r]=R . In particular, we have [R: Z]=4.
To prove part (b) of Theorem 1, it now suffices to note that E(l)=E[?
n &1] and to invoke Proposition 3.1. This proves Theorem 1.
4.1.
Remark. The observation, in the proof above, that R ÂR is torsionfree, carries over to arbitrary base fields; that is, if E is an elliptic curve over any field k, and l denotes any extension field of k, then (End l E)Â(End k E) is torsion-free. To prove this, it suffices to consider (i) the case that l is Galois over k, and (ii) the case that every element of l that is algebraic over k is purely inseparable over k. In the first case one uses, as in the proof above, that End k E consists of the elements of End l E that are fixed under the action of the Galois group. In the second case one has in fact End l E=End k E (apply [10, Chapter II, Theorem 5], with B equal to the graph of an endomorphism).
Algebraically Closed Fields
In this section we let k, E, R, and E(k) tor be as in Theorem 2.
Proposition 5.1. As a left R-module, E(k) tor is injective.
Proof. For background on injective and projective modules, see [9, 3.10 and 3.11]. We distinguish three cases, according to the value of
then R=Z, and in this case the injectivity of E(k) tor follows from the fact that it is divisible as an abelian group.
Next suppose that [R: Z]=2. We first show that for any non-zero s # R the ring RÂRs is injective as a module over itself. The category of finite RÂRs-modules has a duality that sends any module M to Hom Z (M, QÂZ). Since it is a duality, it interchanges injective and projective objects. From 2.2 and 2.3 it also follows that the dual of a free module of rank one is free of rank one (cf. the proof of 2.2, (i) O (ii)), so that the dual of a projective module is projective. Hence the projective and injective objects of this category are the same. In particular, RÂRs is injective, also in the category of all RÂRs-modules (by [9, Proposition 3.15]). The same applies to the isomorphic module Rs &1
ÂR.
We deduce that R Q ÂR is injective as an R-module. By [9, Proposition 3.15] it suffices to show that any R-linear map f from a non-zero R-ideal a to R Q ÂR can be extended to a map R Ä R Q ÂR. Since R Q ÂR is torsion we can find a non-zero element s # ker f. Then f induces an RÂRs-linear map aÂRs Ä Rs If char k=0 then we have R Q =R p , so Theorem 3 tells us that E(k) tor $R Q ÂR. If char k>0 then 2.4 and the projective limit argument in the proof of Theorem 3 show that E(k) tor Ä (R Q ÂV)$R Q ÂR as R-modules. In both cases the injectivity of R Q ÂR implies that of E(k) tor .
The argument in the case that [R: Z]=4 is similar but simpler. If n # Z, n{0, then as above one deduces from 2.2 that all finite projective ZÂZn-modules are injective. By Morita equivalence, the same is true for finite projective M(2, ZÂZn)-modules. As above it follows that R Q ÂR is injective as a left R-module. Removing the p-primary part, which is a direct summand, and applying the isomorphism E(k) tor ÄE(k) tor $R p ÂR from Theorem 4, one concludes that E(k) tor is injective as well. This proves 5.1.
We now prove Theorem 2. It is clear that 5.1 implies part (a) of the theorem. From the divisibility of E(k) as an abelian group it follows that the R-module E(k)ÂE(k) tor may be identified with the vector space E(k) Z Q over the division ring R Q . So to prove the remaining assertions of Theorem 2 it suffices to show that dim RQ Z Q equals 0 or *k, according as k is algebraic over a finite field or not.
First suppose that k is algebraic over a finite field. Then E is defined over some finite subfield k$ of k, and E(k) is the union of the finite subgroups E(l), with l ranging over the finite subfields of k that contain k$. Therefore E(k) Z Q=0. Now suppose that k is not algebraic over a finite field, and let k 0 /k be a subfield that is either Q or F p (t) for some t that is transcendental over F p . It is easy to see that *E(k)=*k, and for cardinality reasons it follows that dim RQ E(k) Z Q is equal to *k if *k is uncountable, and at most *k if k is countable. Therefore it suffices to show that E(k) Z Q is not finite dimensional over R Q , or over Q, which by dim Q R Q < is the same.
Suppose that E(k) Z Q is finite dimensional over Q, and choose finitely many points P i # E(k) that give a basis. Also, choose a finitely generated subfield k 1 of k, containing k 0 , such that E can be defined over k 1 and such that the coordinates of the points P i belong to k 1 . Then the inclusion E(k 1 )/E(k) induces an isomorphism E(k 1 ) Z Q$E(k) Z Q. Hence, if one first adjoins to k 1 all the torsion points of E(k) and next the points (1Âm)P i for all positive integers m and all i, then one obtains the field k 1 (E(k)), which is the same as the algebraically closed field k. Looking at the Galois groups of these extensions, and consulting the list of subgroups of the group PSL 2 F q (for q prime) (see [8, Kapitel II, 8 .27]), one concludes that the non-cyclic composition factors of any finite Galois group over k 1 are among the groups PSL 2 F q , for q 5 prime. Since the image of the natural map of the absolute Galois group of k 1 to the absolute Galois group of k 0 has finite index in the latter, it follows that the finite Galois groups over k 0 are built up from the same composition factors, plus possibly finitely many additional simple groups. This is absurd, since k 0 has for each positive integer n a Galois extension with group isomorphic to the full symmetric group of degree n (see [14, section 66] for k 0 =Q; the case k 0 =F p (t) can be done in a similar manner).
Abelian Varieties
In this section we show that straightforward generalizations of the results of this paper to higher dimensional abelian varieties cannot be expected to exist. We restrict attention to the situation of Theorem 3, in which [R: Z]=2. It may not be obvious what the proper generalization of the condition [R: Z]=2 to higher dimensional abelian varieties is; however, any reasonable generalization would seem to include at least those abelian varieties A over an algebraically closed field k that satisfy the following conditions, in which we put g=dim A: (6.1) if we put R=End k A, then R Q =R Z Q is a complex CM field of degree 2g over Q; Condition (6.1) means that R Q is a number field that is a totally imaginary quadratic extension of a totally real field of degree g over Q. For the notion of a principal polarization, see [4, Chapters IV and V] .
We show that even when we restrict to abelian varieties satisfying these conditions the direct analogue of Proposition 2.1 is false.
Proposition 6.4. Let k be either the field C of complex numbers or, for some prime number p, an algebraic closure of the field F p . Let g be an integer with g>1, and let Q be a finite set of prime numbers different from char k. Then there exists an abelian variety A over k with dim A=g satisfying (6.1), (6.2) , and (6. Proof. We give only a sketch of the proof. Let it first be supposed that k=C. In [4, Chapter IV] one finds a description of the category of abelian varieties over C in terms of lattices (see also [11, Chapter 1] ). In addition, one finds that both condition (6.3) and the structure of A[q] as an R-module can be described in terms of the corresponding lattice. Thus one can translate the entire problem into a problem about lattices. Doing this, one finds that the conclusion of 6.4 is, in the case k=C, equivalent to the existence of a totally real number field K 0 of degree g over Q, a totally imaginary quadratic extension K of K 0 , a set 8 of field embeddings K Ä C, an additive subgroup a/K that is free of rank 2g, and an element ! # K, such that the following conditions are satisfied: To construct such objects one starts from an arbitrary totally real number field K 0 of degree g over Q and an arbitrary totally imaginary quadratic extension K of K 0 . Next one lets : # K be an algebraic integer satisfying :+:Ä # Z and K=Q(:); it is easy to show that such : exist (one may, for the moment, even take :+:Ä =0). Now we put m=> q # Q q, and We have R/a/A, and R, A are rings, while a is an R-module. To define !, we let f: K Ä Q be the Q-linear map defined by f (:
There is a unique element ! # K such that for all x # K one has f (x)=Tr(!x). From :+:Ä # Z it follows that f (x)= &f (xÄ ) and hence that ! = &!; this proves (6.5). Condition (6.6) is taken as the definition of 8. The verification of (6.7) is straightforward. To show that R is the same as the ring defined in (6.8), we note that the subring R$= [x # K: xa/a] of K satisfies R/R$/a; the only such ring is R itself, so R$=R. Suppose that for some q # Q one has aÂaq$RÂRq as R-modules. Then a=Ra+aq/Za+Aq for some a # a, so the image of a in AÂAq is at most one-dimensional over F q . However, inspection shows that it has dimension equal to g, which contradicts our assumption that g>1. This proves 6.4 in the case k=C.
Secondly, we consider the case that k is an algebraic closure of F p , for some prime number p. In [6] one finds a description of the category of ordinary abelian varieties over finite fields in terms of lattices. Again, one can describe the R-module structure of A[q] in terms of the lattice corresponding to A, and the same applies to the existence of polarizations (see [7, Section 4] ). One finds that the conclusion of 6.4, in the present case, is equivalent to the existence of K 0 , K, 8, a, ! satisfying all the conditions above, together with an element ? # R for which (6.9) ??Ä =p n for some positive integer n, and K=Q(? m ) for all positive integers m; (6.10) there is an exponential valuation v on C such that 8 consists of those field homomorphisms .: K Ä C for which v(.?)>0.
(The valuation in (6.10) is, by (6.9), necessarily a p-adic one. Also, from the fact that 8 consists of`half ' the embeddings K Ä C and (6.10) one deduces that ? is, as an algebraic integer, coprime to ?Ä .)
For the construction of ? it is convenient to suppose that K 0 and K are chosen so that the following conditions are satisfied: (6.11) p is totally ramified in the extension Q/K 0 , and the prime of K 0 lying over p splits completely in the extension K 0 /K; (6.12) the Galois closure M of K over Q has degree 2 g g! over Q.
Note that the degree 2 g g! in (6.12) is largest possible, and that it is achieved if and only if the Galois closure M 0 of K 0 over Q has the full symmetric group of degree g as its Galois group and [M: M 0 ]=2 g . It is easy to construct K and K 0 such that (6.11) and (6.12) hold (cf. the technique used in [12] ). Also, we shall suppose that the algebraic integer : # K chosen above satisfies (6.13) the index ( O: A) of A=Z[:] in the ring of integers O of K is coprime to p, in addition to the two conditions :+:Ä # Z and K=Q(:). This is, again, easy to achieve, because of (6.11) (but if p=2 we cannot have :+:Ä =0 any more).
Let A, R, a, !, and 8 now be chosen as above. From (6.11) it follows that there is a prime ideal p of O such that p{pÄ and p g pÄ g =Op. Some power of p g is principal, so we have O??Ä =Op n for some positive integer n and some ? # O that is coprime to ?Ä . Replacing ? by ?p n Â?Ä and n by 2n we may in fact assume that ??Ä =p n . From (6.13) it follows that ( O: R) is coprime to ?, so there is some power of ? that is congruent to 1 modulo O( O: R) and therefore belongs to R. If we replace ? by that power, and n by its corresponding multiple, then we obtain an element ? # R that is coprime to ?Ä and satisfies ??Ä =p n . For any positive integer m the subfield Q(? m ) of K is imaginary, and (6.12) implies that the only such subfield is K itself. This proves (6.9).
From (6.12) it follows that all primes of M 0 lying over p split completely in the elementary abelian extension M 0 /M of degree 2 g . Viewing M 0 and M as subfields of the field of complex numbers one deduces from this that any p-adic valuation of M 0 can be extended to a unique valuation v of M such that v(.?)>0 for all . # 8. Extending v to C we then find that (6.10) holds, since ? is coprime to ?Ä .
This completes the proof of Proposition 6.4.
In the situation of 6.4 the R-module A(k) tor cannot be embedded in R Q ÂR, so that the higher-dimensional analogue of Theorem 3 breaks down. Also, when char k{0, then we can replace k by a finite subfield over which A can be defined, and take for l any finite extension of k over which all points of A[q] are defined, for some q # Q. This yields counterexamples to higher-dimensional analogues of Theorem 1(a).
